By running the prospective high-energy e + e − collider TESLA in the GigaZ mode on the Z resonance, experiments can be performed on the basis of more than 10 9 Z events. They will allow the measurement of the effective electroweak mixing angle to an accuracy of δ sin 2 θ eff ≈ ±1×10 −5 . Likewise the W boson mass is expected to be measurable with an error of δM W ≈ ±6 MeV near the W + W − threshold. In this note, we study the accuracy with which the Higgs boson mass can be determined from loop corrections to these observables in the Standard Model. The comparison with a directly observed Higgs boson may be used to constrain new physics scales affecting the virtual loops. We also study constraints on the heavy Higgs particles predicted in the Minimal Supersymmetric Standard Model, which are very difficult to observe directly for large masses. Similarly, it is possible to constrain the mass of the heavy scalar top particle.
Introduction
The prospective high-energy e + e − linear collider TESLA is being designed to operate on top of the Z boson resonance,
by adding a bypass to the main beam line [1] . Given the high luminosity, L = 7 × 10 33 cm −2 s −1 , and the cross section, σ Z ≈ 30 nb [2] (including radiative corrections), about 2 × 10 9 Z events can be generated in an operational year of 10 7 s. We will therefore refer to this option as the GigaZ mode of the machine. Moreover, by increasing the collider energy to the W -pair threshold,
about 10 6 W bosons can be generated at the optimal energy point for measuring the W boson mass, M W , near threshold and about 3 × 10 6 W bosons at the energy of maximal cross section [3] . The large increase in the number of Z events by two orders of magnitude as compared to LEP 1 and the increasing precision in the measurements of W boson properties, open new opportunities [4] for high precision physics in the electroweak sector [5, 6] .
By adopting the Blondel scheme [7] for running e + e − colliders with polarized beams, the left-right asymmetry, A LR ≡ 2(1 − 4 sin 2 θ eff )/(1 + (1 − 4 sin 2 θ eff ) 2 ), can be measured with very high precision, δA LR ≈ ±10 −4 [8] , when both electrons and positrons are polarized longitudinally. This accuracy can be achieved since the total cross section, the left-right asymmetry and the polarization factor, P = (P + + P − )/(1 + P + P − ), can be measured by individually flipping the electron and positron helicities, generating all 2×2 spin combinations in σ ij (i, j = L, R); only the difference between the moduli |P + | and |P − | before and after flipping the polarizations of both the positron and electron beams need to be monitored by laser Compton scattering. From A LR the mixing angle in the effective leptonic vector coupling of the on-shell Z boson, sin 2 θ eff , can be determined to an accuracy δ sin 2 θ eff ≈ ± 1 × 10
while the W boson mass is expected to be measurable to a precision of
by scanning the W + W − threshold [9] . Besides the improvements in sin 2 θ eff and M W , GigaZ has the potential to determine the total Z width within δΓ Z = ±1 MeV; the ratio of hadronic to leptonic partial Z widths with a relative uncertainty of δR l /R l = ±0.05%; the ratio of the bb to the hadronic partial widths with a precision of δR b = ±1.4 × 10 −4 ; and to improve the b quark asymmetry parameter A b to a precision of ±1 × 10 −3 [4, 8] . These additional measurements offer complementary information on the Higgs boson mass, M H , but also on the strong coupling constant, α s , which enters the radiative corrections in many places. This is desirable in its own right, and in the present context it is important to control α s effects from higher order loop contributions to avoid confusion with Higgs effects. Indirectly, a well known α s would also help to control m t effects, since m t from a threshold scan at a linear collider will be strongly correlated with α s . We find that via a precise measurement of R l , GigaZ would provide a clean determination of α s with small error δα s ≈ ± 0.001,
allowing to reduce the error of the top-quark mass from the threshold scan. In this note, we study the potential impact of such measurements on the parameters of the Standard Model (SM) and its minimal supersymmetric extension (MSSM) [18] . Higgs boson masses and SUSY particle masses affect the high precision observables through loop corrections. These loop corrections are evaluated in this note at the presently available level of theoretical accuracy, still leaving many refinements to be worked out in the coming years [19] . Even though a complete set of calculations is lacking at the present time, the essential features of the GigaZ physics potential can nevertheless be studied in first exploratory steps. In Ref. [4] it has been demonstrated that very stringent consistency tests of the SM and the MSSM will become feasible with the GigaZ precision, and the prospects for b physics at GigaZ have been discussed. The latter topic has been studied in more detail in Ref. [8] .
In the present note, we will focus in a systematic way on the Higgs sectors of the SM and the MSSM, and also on the scalar top sector of the MSSM.
Higgs Sector of the SM
In the canonical form of the SM, the precision observables measured at the Z peak are affected by two high mass scales in the model: the top quark mass, m t , and the Higgs boson mass, M H . They enter as virtual states in loop corrections to various relations between electroweak observables. For example, the radiative corrections entering the relation between M W and M Z , and between M Z and sin 2 θ eff , have a strong quadratic dependence on m t and a logarithmic dependence on M H . We mainly focus on the two electroweak observables that are expected to be measurable with the highest accuracy at GigaZ, M W and sin 2 θ eff . Our analysis is based on the results for the electroweak precision observables including higher order electroweak [20, 21] and QCD [22, 23] corrections. The current theoretical uncertainties [24] are dominated by the parametric uncertainties from the errors in the input parameters m t (see Tab. 1) and ∆α. The latter denotes the QED-induced shift in the fine structure constant, α → α(M Z ), originating from charged-lepton and light-quark photon vacuum polarization diagrams. The hadronic contribution to ∆α currently introduces an uncertainty of δ∆α = ±2 × 10 −4 [25] . Forthcoming low-energy e + e − annihilation experiments may reduce this uncertainty to about ±5×10 −5 [26] . Combining this value with future (indistinguishable) errors from unknown higher order corrections, we assign the total uncertainty of δ∆α = ±7 × 10 −5 to ∆α, which is used throughout the paper unless otherwise stated. For the future theoretical uncertainties from unknown higher-order corrections (including the uncertainties from δ∆α) we assume,
Given the high precision of GigaZ, also the experimental error in M Z , δM Z = ±2.1 MeV [27] , results in non-negligible uncertainties of δM W = ±2.5 MeV and δ sin 2 θ eff = ±1.4×10 −5 . The experimental error in the top-quark mass, δm t = ±130 MeV, induces further uncertainties of δM W = ±0.8 MeV and δ sin 2 θ eff = ±0.4×10 −5 . Thus, while currently the experimental error in M Z can safely be neglected, for the GigaZ precision it will actually induce an uncertainty in the prediction of sin 2 θ eff that is larger than its experimental error.
(a) The relation between sin 2 θ eff and M Z can be written as
where
GeV is a combination of two precisely known lowenergy coupling constants, the Fermi constant, G F , and the electromagnetic fine structure constant, α. The quantity ∆r Z summarizes the loop corrections, which at the one-loop level can be decomposed as ∆r Z = ∆α − ∆ρ t + ∆r
The leading top contribution to the ρ parameter [28] , quadratic in m t , reads
The Higgs boson contribution is screened, being logarithmic for large Higgs boson masses
(b) An independent analysis can be based on the precise measurement of M W near threshold.
where the quantum correction ∆r has the one-loop decomposition,
with ∆α and ∆ρ t as introduced above. Owing to the different dependences of sin 2 θ eff and M W on m t and M H , the high precision measurements of these quantities at GigaZ (combined with the other supplementary electroweak observables) can determine the mass scales m t and M H . The expected accuracy in the indirect determination of M H from the radiative corrections within the SM is displayed in Fig. 1 . To obtain these contours, the error projections in Tab. 1 are supplemented by central values equal to the current SM best fit values for the entire set of current high precision observables [29] . For the theoretical uncertainties, Eq. (6) is used, while the parametric uncertainties, such as from α s and M Z , are automatically accounted for in the fits. The allowed bands in the m t -M H plane for the GigaZ accuracy are shown separately for sin 2 θ eff and M W . By adding the information on the top-quark mass, with δm t < ∼ 130 MeV obtained from measurements of the tt production cross section near threshold, an accurate determination of the Higgs boson mass becomes feasible from both, M W and sin 2 θ eff . If the two values are found to be consistent, they can be combined and compared to the Higgs boson mass measured in direct production through Higgs-strahlung [30] (see the last row in Tab. 1). In Fig. 1 this is shown by the shaded area labeled as "GigaZ (1σ errors)", where the measurements of other Z boson properties as anticipated for GigaZ are also included (the best fit value for m t is assumed to coincide with the central m t value in Fig. 1 ). For comparison, the area in the m t -M H plane corresponding to the current experimental accuracies, labeled as "now (1σ errors)", is also shown. (c) A direct formal relation between M W and sin 2 θ eff can be established by combining the two relations Eqs. (7) and (11) as
The quantum correction ∆r W is independent of ∆ρ t in leading order and has the one-loop decomposition
Relation (14) can be evaluated by inserting the measured value of the Higgs boson mass as predetermined at the LHC and the LC. This is visualized in Fig. 2 , where the present and future theoretical predictions for sin 2 θ eff and M W (for different values of M H ) are compared with the experimental accuracies at various colliders. Besides the independent predictions of sin 2 θ eff and M W within the SM, the M W − sin 2 θ eff contour plot in Fig. 2 can be interpreted as an additional indirect determination of M W from the measurement of sin 2 θ eff . Given the expected negligible error in M H , this results in an uncertainty of
The first uncertainty reflects the experimental error in sin 2 θ eff , while the second is the theoretical uncertainty discussed above (see Eq. (6)). The combined uncertainty of this indirect prediction is about the same as the one of the SM prediction according to Eq. (11) and is close to the experimental error expected from the W + W − threshold given in Eq. (4). Consistency of all the theoretical relations with the experimental data would be the ultimate precision test of the SM based on quantum fluctuations. The comparison between theory and experiment can also be exploited to constrain possible physics scales beyond the SM. These additional contributions can conveniently be described in terms of the S,T,U [31] or ǫ parameters [32] . Adopting the notation of Ref. [29] , the errors with which they can be measured at GigaZ are given as follows: ∆S = ±0.05, ∆ǫ 3 = ±0.0004, ∆T = ±0.06, ∆ǫ 1 = ±0.0005, ∆U = ±0.04, ∆ǫ 2 = ±0.0004.
The oblique parameters in Eq. (18) are strongly correlated. On the other hand, many types of new physics predict U =ǫ 2 = 0 or very small (see Ref. [29] and references therein). With the U (ǫ 2 ) parameter known, the anticipated errors in S and T would decrease to about ±0.02, while the errors inǫ 1 andǫ 3 would be smaller than ±0.0002.
In the context of a spontaneously broken gauge theory, the above mentioned comparisons shed light on the basic theoretical components for generating the masses of the fundamental particles. On the other hand, an observed inconsistency would be a clear indication for the existence of a new physics scale.
Supersymmetry
The second step in this GigaZ analysis is based on the assumption that supersymmetry would be discovered at LEP 2, the Tevatron, or the LHC, and further explored at an e + e − linear collider. The high luminosity expected at TESLA can be exploited to determine supersymmetric particle masses and mixing angles with errors from O(1%) down to one per mille [33] , provided they reside in the kinematical reach of the collider, which we assume to be about 1 TeV. In this context we will address two problems arising in the Higgs sector and the scalar top sector within the MSSM. For the SUSY contributions to M W and sin 2 θ eff we use the complete one-loop results in the MSSM [34] as well as the leading higher order QCD corrections [35] . The recent electroweak two-loop results of the SM part in the MSSM [21] have not been taken into account, since no genuine MSSM counterpart is available so far. As above, concerning the future theoretical uncertainties of M W and sin 2 θ eff we use Eq. (6). In contrast to the Higgs boson mass in the SM, the lightest CP-even MSSM Higgs boson mass, M h , is not a free parameter but can be calculated from the other SUSY parameters. In the present analysis, the currently most precise result based on Feynman-diagrammatic methods [36] is used, relating M h to the pseudoscalar Higgs boson mass, M A . The numerical evaluation has been performed with the Fortran code FeynHiggs [37] . In our analysis we assume a future uncertainty in the theoretical prediction of M h of ±0.5 GeV.
(a) The relation between M W and sin 2 θ eff is affected by the parameters of the supersymmetric sector, especially thet-sector. At the LHC [38] and especially at a prospective LC, the mass of the lightt, mt 1 , and thet-mixing angle, θt, may be measurable very well, particularly in the process e + e − →t 1t1 [39] . On the other hand, background problems at the LHC and insufficient energy at the LC may preclude the analysis of the heavyt-particle,t 2 .
In Fig. 3 it is demonstrated how in this situation limits on mt 2 can be derived from measurements of M h , M W and sin 2 θ eff . As experimental values we assumed M h = 115 GeV, M W = 80.40 GeV and sin 2 θ eff = 0.23140, with the experimental errors given in the last column of Tab. 1. We consider two cases for tan β, the ratio of the vacuum expectation values of the two Higgs doublets in the MSSM: the low tan β region, where we assume a band, 2.5 < tan β < 3.5, and the high tan β region where we assume a lower bound, tan β ≥ 10, as can be expected from measurements in the gaugino sector (see e.g. Ref. [40] ). As for the other parameters, the following values are assumed, with uncertainties as expected from LHC [41] and TESLA [42] : mt 1 = 500 ± 2 GeV, sin θt = −0.69 ± 0.014, A b = A t ± 10%, µ = −200±1 GeV, M 2 = 400±2 GeV and mg = 500±10 GeV. (A b,t are trilinear soft SUSYbreaking parameters, µ is the Higgs mixing parameter, M 2 is one of the soft SUSY-breaking parameter in the gaugino sector, and mg denotes the gluino mass.)
For low tan β the heaviert-mass, mt 2 , can be restricted to 760 GeV < ∼ mt 2 < ∼ 930 GeV from the M h , M W and sin 2 θ eff precision measurements. The mass M A varies between 200 GeV and 1600 GeV. A reduction of this interval to M A ≥ 500 GeV by its nonobservation at the LHC and the LC does not improve the bounds on mt 2 . If tan β ≥ 10, the second theoretically preferred range [43] , the allowed region turns out to be much smaller (660 GeV < ∼ mt 2 < ∼ 680 GeV), and the mass M A is restricted to M A < ∼ 800 GeV. In deriving the bounds on mt 2 , both the constraints from M h (see Ref. [44] ) and sin 2 θ eff play an important role. For the bounds on M A , the main effect comes from sin 2 θ eff . We have assumed a value for sin 2 θ eff slightly different from the corresponding value obtained in the SM limit. For this value the (logarithmic) dependence on M A is still large enough so that in combination with the high precision in sin 2 θ eff at GigaZ an upper limit on M A can be set. For an error as obtained at an LC without the GigaZ mode (see Tab. 1) no bound on M A could be inferred. (b) A similar problem of high interest occurs in the sector of the MSSM Higgs particles. It is well known, that the heavy Higgs bosons A, H and H ± , are increasingly difficult to observe at the LHC with rising mass [41] . At e + e − linear colliders heavy Higgs particles are produced primarily in pairs (HA) and (H + H − ) so that they cannot be analyzed for mass values beyond the beam energy of 500 GeV in the first phase of such a machine. It has been demonstrated though that the ratio of the decay branching ratios of the light Higgs boson h is sensitive to M A up to values of 700 GeV to 1 TeV [45] . Since any such analysis is difficult, it is suggestive to search for complementary channels in which new limits may be derived from other high precision measurements. The result of such a study is presented in Fig. 4 , based on the expected errors for M h , mt 1 , and θt from LC measurements, and assuming either a rough measurement of the heavỹ t-mass, mt 2 , at the LHC, or a precise determination of mt 2 at an LC. Fig. 4 shows the exclusion contours in the M A − tan β plane based on the following scenario (inspired by the mSUGRA(1) reference scenario studied e.g. in Ref. [33] ): M h = 110 ± 0.05 GeV from LC measurements, M W = 80.400 ± 0.006 GeV and sin 2 θ eff = 0.23138 ± 1 × 10 −5 from GigaZ measurements, mt 1 = 340 ± 1 GeV, sin θt = −0.69 ± 0.014 from the LC, mt 2 = 640 ± 10 GeV from the LHC or alternatively mt 2 = 520 ± 1 GeV from LC measurements; furthermore A b = −640 ± 60 GeV, µ = 316 ± 1 GeV, M 2 = 152 ± 2 GeV, mg = 496 ± 10 GeV based on LHC or LC runs.
If the scenario with lowert masses is realized, this would, due to the dependence of the Higgs boson mass on the MSSM parameters, correspond to higher values for both M A and tan β. Despite the precise measurement of mt 2 up to 1 GeV at the LC, in the example considered here the restrictions placed on the Higgs sector would be relatively weak. The constraints would be 450 GeV < ∼ M A < ∼ 1950 GeV and 6 < ∼ tan β < ∼ 10. However, if the highert 2 mass is realized in nature, corresponding to larger mixing in thet sector, in spite of the relatively rough measurement of mt 2 , in our example the allowed parameter range is reduced to 250 GeV < ∼ M A < ∼ 1200 GeV and 2.5 < ∼ tan β < ∼ 3.5. Again, sin 2 θ eff plays an important role (cf. discussion of Fig. 3) ; without the high precision measurement of sin 2 θ eff no upper limit on M A could be set.
Thus the high precision measurements of M W , sin 2 θ eff and M h do not improve on the direct lower bound on the mass of the pseudoscalar Higgs boson A. Instead they enable us to set an upper bound on this basic parameter of the supersymmetric Higgs sector, derived from the requirement of consistency of the electroweak precision data with the MSSM.
Conclusions
The opportunity to measure electroweak observables very precisely in the GigaZ mode of the prospective e + e − linear collider TESLA, in particular the electroweak mixing angle sin 2 θ eff and the W boson mass, opens new areas for high precision tests of electroweak theories. We have analyzed in detail two generic examples: (i) The Higgs mass of the Standard Model can be extracted to a precision of a few percent from loop corrections. By comparison with the direct measurements of the Higgs mass, bounds on new physics scales can be inferred that may not be accessible directly. (ii) The masses of particles in supersymmetric theories, which for various reasons may not be accessible directly neither at the LHC nor at the LC, can be constrained. Typical examples are the heavy Higgs bosons and the heavy scalar top quark. In the scenarios studied here, a sensitivity of up to order 2 TeV for the mass of the pseudoscalar Higgs boson and an upper bound of 1 TeV for the heavy scalar top quark could be expected from the virtual loop analyses of the high precision data.
Opening windows to unexplored energy scales renders these analyses of virtual effects an important tool for experiments in the GigaZ mode of a future e + e − linear collider.
